Abstract: Three basic electronic properties of molecules, electron density (ED), charge density (CD), and electrostatic potentials (ESP), are dependent on both atomic mobility and occupancy of components in the molecules. Small protein subunits may bind large macromolecular complexes with a reduced occupancy or an increased atomic mobility or both due to affinity-based functional regulation, and so may substrates, products, cofactors, ions or solvent molecule to the active sites of enzymes. A quantitative theory is presented in this study that describes the dependence of atomic functions on atomic B-factor in Fourier transforms of the corresponding maps. An application of this theory is described to an experimental ED map at 1.73-Å resolution, and to an experimental CD map at 2.2-Å resolution. All the three density functions are linearly proportional to occupancy when the structure factor F(000) term of Fourier transforms of experimental density maps is included. Upon application of this theory to both experimental CD and ESP maps recently reported for photosystem II-light harvesting complex II supercomplex at 3.2-Å resolution, the occupancy of two extrinsic protein subunits PsbQ and PsbP is determined to be 20.4 6 0.2%, and the negative mean ESP value of vitreous ice displaced by the supercomplex on electron scattering path is estimated to be 3% of the mean ESP value of protein a-helices.
Introduction
The distribution of electron density (ED) around the stationary nuclei of neutral atoms in a molecule as well as the distribution of charge density (CD) is well understood, and both are distributed within van der Waals' (vdW) radii of atoms. 1 With random Brownian motions of nuclei, both functions spread outwards through probability-weighted averaging of all possible nuclear locations following Gaussian distributions, that is the convolution of the original functions with Gaussian functions. 2 Fourier transforms of these functions are the product of atomic scattering factors and another Gaussian term characterized by atomic B-factor. As B value increases, these functions are distributed with smaller peak values but wider ranges than the original functions are.
With sufficiently large B values, peaks for bonded atoms may be merged, resulting in unresolvable atomic shapes. A single logarithm-logarithm relationship exists in X-ray crystallography between the lattice resolution of an experimental ED map and the Wilson B-factor of the diffraction data. 3 This study presents a quantitative theory to describe how the peak maximum for an atom in an ED map varies as a function of atomic B value at sub-Å resolution, and then extends it to structures at much lower resolution. By using a statistical approach that relies on an accuracy of overall fitting of protein a-helices for example into experimental maps, this method can bypass the requirement of sub-Å resolution for accurate determination of each of all the atomic positions. This is particularly useful for deconvolution of B-factor and occupancy effects when the occupancy of some component (or some atom) in large macromolecular complexes varies. This theory can be extended to the atomic and molecular electrostatic potential (ESP) function if its absolute reference point is known, or can be used to determine the absolute reference point if it is unknown.
Results and Discussion

Quantitative theory on ED and ESP peak maxima
Atomic ED function is the Fourier transform of Xray atomic scattering factor convoluted with atomic B value or atomic mobility, which measures rootmean-squares of atomic motion <|r| 2 > through the relationship of B 5 8p 2 <|r| 2 >. X-ray scattering factor f(s) for any atom can be numerically expressed as a sum of four Gaussian terms plus a constant (or five Gaussian functions) as follows [4] [5] [6] :
a i e 
where s is sinh/k, S 5 2s 5 2sinh/k51/d, h is half scattering angle, k is wavelength in Å , d is resolution in Å , and a i are coefficients of Gaussian functions defined by the term b i with b 5 5 0. Fourier transform of Eq. 1 results in the peak maximum q(0) for the atom at r 5 0 with atomic B-factor B upon integration throughout the entire reciprocal space using its volume increment ds,
When proper B value is included, the effect of Fourier series termination to the peak maximum can be minimized (see below). [7] [8] [9] [10] [11] Each atom has its own characteristic a i and b j parameters. When Eq. 2 is plotted for protein atoms [ Fig.  1(A) ], it is clear that peak maxima for neutral atoms of H, C, N, and O are sufficiently distinct even when atomic B-factor increases to >50 Å 2 . The scattering factor of an atom at the zero-scattering angle (i.e. the total number of electrons) for the given atom is the sum of all its five Gaussian coefficients a i . The H:C:N:O ratio of peak maxima approaches the asymptotic ratios of total electrons of each atom with increasing B-factors, 1:6:7:8 when B b j . The difference in peak maxima between neutral O atom and its anion O -form is relatively small with their asymptotic ratio is 8:9. This theory can explain the experimental observations on a relationship between peak maxima and B-factor values reported for atoms in an X-ray crystal structure of lysozyme at 0.65-Å resolution.
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One reason for deviating from the theoretical ratio relationship among H:C:N:O atoms is due to crossover contributions from their bonding partners but not due to the spreading of individual atomic ED functions themselves away from the peaks as B value increases. For example, the contribution of C atom at H atom position in a C-H bond can be much larger than the contribution of H atom on itself, making peak for H atom invisible. The contribution of this kind can be estimated using similar integration but with r 5 d where d is the bond length between C and H atoms [i.e. spherical P(r) density function]. When atomic function is assumed to be spherically symmetric and the interference function is sinc function, that is sin[rS]/[rS], then the resulting ED function is as follows after integration.
Equation 3 becomes Eq. 2 when r 5 0. Both Eqs. 2 and 3 imply that density values are highly dependent on B value (and thereby on the effective resolution, see below). Given the fact that electron scattering factor for an ion can be numerically fitted using five Gaussian terms for its neutral vdW component plus a Coulomb's charge component, 13, 14 integration can be carried out for atomic ESP function w(r) as follows:
w 0 ð Þ5
w r ð Þ52p 3=2 1 2 negative in ESP at low resolution than at high resolution. Thus, by examining peak maxima as a function of B factor (or resolution), one can gain insight into the Coulomb's component of a species in question, and thus its chemical identity.
Varying occupancy of an atom reduces its atomic functions linearly in all resolution ranges, but does not alter the shapes of its atomic functions. If two atoms of interest have different occupancies but the same B value, the ratio of peak maxima between the two atoms is independent of resolution. If two atoms of interest have different B values but the same occupancy, the ratio of peak maxima is dependent on resolution (and their B values).
Chemical identification of atoms in X-ray crystallography at 1.73-Å resolution An analysis of peak maxima in the experimental ED for backbone atoms (O, N, and Ca) of E. coli catalase 16, 17 reported for 5BV2 at 1.73-Å resolution unambiguously shows that they indeed follow separate traces as a function of B-factor values as expected from the theory (Fig. 1 , Eq. 2). In the most ordered part of the structure (particularly, the lowest B-factor region) where atomic B-factors are the same or similar, the order of the peak maxima is well defined: O > N > Ca atoms. A reason for peak maxima for the pair of atoms of different types to disobey this order is due to large differences in their B-factors. For example, for the peak maximum for N atom to be larger than that of O atom, an atomic B-factor of N has to be smaller than that of O by >5 Å 2 ; and for the peak maximum for C atom to be larger than that of N atom, an atomic B-factor of C has to smaller than that of N by >10 Å 2 . These limits can be estimated after drawing horizontal lines in the experimental plot [ Fig. 1(B) ].
An implication of the above observation is that when the side chains of Asn, Gln, and His residues are accidentally flipped, the resulting incorrect assignment of atom type in the flipped side chains cannot be removed by adjusting their B-factors during model refinement because it typically has restrained B-factor differences of 1.5 Å 2 between bonded atoms, and of 2.0 Å 2 between bond-angle related atoms. As a consequence, large positive residual peaks will appear at the positions of small atoms that were placed in the position that should be larger, and large negative peaks will appear at the positions of large atoms that should be smaller. Thus, these residual peaks will pinpoint to the modeling errors of this kind occurring at the swapped O and N atoms in the fragments Od1-Cg-NE2 of Asn side chain, and OE1-Cd-NE2 of Gln side chain, and swapped N and C atoms in the fragment of Nd1-CE1-NE2-Cd2 of His side chain. In fact, several significant residual peaks with the heights >5.5r in residual difference Fourier maps between the data and model have indeed helped to identify a few remaining modeling errors associated with side chain flips near the end of model refinement of catalase reported for 5BV2. 16, 17 The successful application of the peak maxima theory to that structure is due to very low noise levels in its residual maps when its crystallographic R-factor and free R-factor are very small (being 8.2% and 13.2%, respectively). 16, 17 In this situation, model bias is insignificant. In the presence of significant model bias, the best estimation of B-factor of the atom in question should be made using an average B from all of its surrounding atoms within 5 Å radius, and the best estimation of peak maximum of the atom is to use an atomic model with this atom deleted. Thus, this procedure can be used to unambiguously establish the chemical identity of the atom in question even before model refinement is fully completed.
The catalase structure just discussed is only one of a few examples in the PDB with very low R-factors that do not suffer from severe model bias. There are other ways that one can obtain model-independent experimental ED maps, one of which is de novo noncrystallographic symmetry (NCS) averaging used in the E. coli YfbU particle structure determination (which contains 16-fold NCS). 18 When the same NCS averaging procedure was applied to another data set of the crystal for this particle at 1.95-Å resolution using normalized or sharpened structure factors, the resulting NCS-averaged maps can readily distinguish among O, N, and C atoms in many places in that structure as well as the added oxygen atoms during data collection, details of which will be described elsewhere.
Experimental charge density and partial charges of atoms at 2.2-Å resolution
Previously, it was observed that the experimental ESP map along protein backbone is highly affected by atomic partial charges when the resolution of that map permits to see effects of individual peptide dipoles. 19 For backbone atoms within each amino acid, variations of B-factors may be ignored, and peak maxima in the experimental CD maps should mainly reflect variations of partial atomic charges. In the experimental ED maps, O > N > C, but in the observed CD maps, C O for carbonyl backbone atoms in both a-helices and b-strands when the experimental CD map is derived from the EMD-4116 reported for b-galactosidase at 2.2-Å resolution 20 ( Fig. 2) . This reflects the relative order of partial charges present in these atoms. Along the C5O direction in a-helices, the maximal CD values appear between the two atoms but near C, but in b-strands, the maximal CD values are on or near C atoms (Fig. 2) . It remains unclear whether this distinction is related to the fact that backbone dipoles are aligned in a-helices, but not in b-strands. If this is so, environment-related partial charges are significant. Residues I454 and I455 are next to one another, but the amplitude of peak variations in the experimental CD map between the C and O atoms differ greatly [ Fig. 2(B) ]. This difference should be mainly attributable to their different environments. Although the coordinate accuracy for individual atoms may not be sufficiently highly in this model, a striking similarity in distribution of the experimental CD maps along N-Ca, Ca-C, and C-O bonds in each residue highlights an accuracy of the overall fitting of secondary structures (Fig. 2) .
Determination of subunit occupancy in 3.2-Å resolution in cryo-EM maps
The functional role of photosystem II (PSII) extrinsic proteins PsbO, PsbP, and PsbQ is to retain Ca 21 and Cl -, two essential cofactors for photosynthetic oxygen evolution. [21] [22] [23] [24] The binding of PsbQ to PSII within the spinach PSII-Light-Harvesting Complex II (LHCII) supercomplex requires the co-binding of PsbP. This supercomplex is dynamic, and subject to light-dependent regulation. Both PsbQ and PsbP subunits can readily be dissociated from the supercomplex during a high-salt wash procedure, 25 making it possible to define their specific functions in the enzyme through in vitro reconstitution. In the sucrose gradient procedure described by Caffarri et al., 26 PsbQ is completely absent in band 7 (B7), but appears in B8, increases from B8 through B11, and then decreases after B11; and any excessive PsbP appears highly enriched in B1.
Wei et al., adopted the procedure of Caffarri et al. to purify the spinach PSII-LHCII supercomplex, and selected the B9 sample for cryo-EM image reconstruction in which both PsbQ and PsbP subunits appear at sub-stoichiometry of unknown molar ratio. 26, 27 The actual stoichiometry of these subunits in the final EM map may also be affected by specific procedures of particle selection after EM images being made, which may enrich or deplete them in the supercomplex. Thus, it would be valuable to directly estimate their occupancy from the experimental data. Within the PSII-LHCII supercomplex structure reported 27 for 3JCU derived from EMD-6617 at 3.2 Å resolution, subunits CP43 and PsbQ (subunit IDs of C and Q in the PDB of 3JCU) intimately interact with each other (Fig. 3, S1 ). At 12.0r contour level of the experimental CD map 3 derived from the ESP map, 27 the volume inside the envelope of this contour level for PsbQ is estimated to be approximately the same to the volume inside that of the contour level of 110.0r for subunit CP43 according to visual inspection [ Fig. 3(A) ]. This volumetric relationship appears to be maintained as long as the ratio of contour level is kept about one-to-five for the two subunits in the CD map. At 11.3r contour level, the entire PsbQ is visible in the CD map [ Fig. 3(B-D) ]. The CD map has a unique property: the volume in general does not extend beyond the vdW radii's of atoms in the molecule plus any atomic motions whereas the volume of the experimental ESP map does. Lowering contour from the 16.5r to 1.3r, the volume increases slowly and in similar amount for both CP43 and PsbQ. The spatial resolution for both subunits appears to remain relatively unchanged. For example, the curvature of helical path is clearly visible, but there is no carbonyl bump for both subunits visible at this resolution. This indicates that atomic motions for the two subunits within the supercomplex appear very similar, and that the differences observed here at different contour levels for the two subunits likely reflect their relative occupancy.
On the basis of the visual inspection method just described, the occupancy of PsbQ is estimated to be 20% in the supercomplex. This ratio remains similar when the CD maps are examined with computationally reduced resolution of 4.5 Å or 4.0 Å from 3.2 Å . The same occupancy of 20% is obtained for subunit PsbP (Fig. 4, S2) as well as for a region of the third extrinsic subunit PsbO comprising residues G236 to V276 (data not shown), which is partly buried underneath PsbP in the supercomplex. 27 When PsbP is absent, this region of PsbO no longer appears to bind. The absence of PsbP does not affect the occupancy of the remaining part of PsbO in the supercomplex.
To further quantify the occupancy, the experimental CD map is plotted in one dimension (1D) along the Ca-Ca line of consecutive backbone peptide units, and arranged in the tail-to-head manner for each of the two helices discussed above, one from (Fig. S1 ).
CP43 and the other from PsbQ [ Fig. 5(A,B) ]. In this plot, the structure factor F CD (000) term for the CD map is set to be zero because the mean CD value for any large molecule should always be zero. Although the coordinate accuracy of each individual Ca atom may not be sufficiently high for the analysis of peak maxima of individual atoms, the accuracy of overall fitting of helices into the map should be statistically reasonable. According to the equations above, if a positive mean B-factor difference between subunits PsbQ and CP43 does exist, the density ratio between them increases as the resolution of the Fourier transform reduces. However, the mean CD ratio over 26 residues is 20.2% at 3.2-Å resolution, and it is 20.6% at computationally reduced 4.0-Å resolution [ Fig. 5(A,B) ]. These two ratios are virtually identical, and the ratios of their mean values indeed represent the relative occupancy of subunit PsbQ in the supercomplex, but not likely a B-factor difference.
The method just described complements with existing crystallographic titration methods for binding-affinity determination of cofactors in protein crystals. [28] [29] [30] In previous methods, the asymptotic value represents the maximal density. In the current Figure 4 . Experimental CD map for subunits CP47 and PsbP contoured at 11.5r (salmon) and 16.5r (blue) (derived from Ref. 27 ). Views of the entire subunits are available in Supporting Information (Fig. S2) . method, the maximal density is obtained using an internal reference point.
Mean ESP value of vitreous ice displaced by particles on electron scattering path
Given the known occupancy for subunit PsbQ determined from the experimental CD density above, one can estimate the mean ESP value of the displaced vitreous ice by particles along electron scattering path that was used to measure the EMD-6617 map. 27 It follows. If the structure factor F ESP (000) term is left out in the Fourier transform of the experimental ESP map [ Fig. 5(C,D) ], the entire ESP curve is shifted by a value of the F ESP (000)/volume ratio. After this shift, the ratio of the mean ESP value between subunits PsbQ and CP43 no longer equals the occupancy of PsbQ [ Fig. 5(C,D) ]. Through back-extrapolation, the contribution of the F ESP (000) term is estimated to be -3.1% relative to the mean ESP value for the entire helix in subunit CP43. Thus, when the contribution of vitreous ice is omitted, the ESP maps have systematically been pushed upwards by 3.1% on average. The negative sign of mean ESP value for ice obtained here is consistent with the sign of the mean ESP value for liquid water previously measured experimentally (i.e., the mean Coulomb's ESP value of liquid water is 2900 mV), 31 which should be applicable to vitreous ice.
Given the non-zero ESP value of vitreous ice, varying length of ice displaced by particles affect the EM maps obtained for rectangle-shaped particles (i.e. the PSII-LHCII supercomplex) far greater than those for the globular particles (i.e. the ribosomes) when the mean ESP values of surrounding ice are used as reference points. The PSII-LHCII supercomplex 27 is a rectangle-shaped transmembrane protein complex with the longest dimension of 260 Å approximately along x direction, the width of 140 Å along y direction, and shortest membrane dimension of 110 Å (or less for lipid bilayer only) along z direction. When projected along z axis, the effective length of electron scattering path of vitreous ice to be displaced by particles is 110 Å ; and when projected along x axis, it is 260 Å . In these two orientations, the maximal length difference is 150 Å . The value obtained for vitreous ice in this study represents an orientation average of all the particle dimensions weighted by orientation-dependent sampling density (the bound lipid bilayers are part of the PSII-LHCII supercomplex assuming that they remain unchanged in different orientations). Given the large length difference just described, the image contrast for the same particle in these two orientations should differ greatly. Before these ESP images can be averaged after alignment, different zeroreference points and different scaling factors should be applied.
It is well known that both the thickness of vitreous ice and the selection of specific particles within it are important for cryo-EM analysis. 32 The mean ESP value of water molecules in liquid and crystalline phases and in the vitreous ice form has been extensively studied, starting from the simple elegant, classic Coulson-Eisenberg treatment to more complex theoretical and experimental studies such as high-energy electron holography. [31] [32] [33] [34] [35] [36] [37] It remains an active research subject. It is also known that the mean ESP value of water molecules at the liquid-air interface is far greater than within liquid phase. 37 If these observations are applicable to vitreous ice, which should be, an initial electrostatic interaction between this surface potential and an incident electron beam could generate a transient electric force field. This field can then be converted to a mechanic force to cause movements of ice before it finds a new equilibrium position. The displacement motions of ice have indeed been observed, and can be delineated using a dose-fractionated, ice displacement-corrected, image reconstruction method.
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The relationship between atomic B-factor and resolution
In crystallography, lattice resolution is a property of entire data set, related to the Wilson B-factor of the data set. It is also related to the mean B value of the underlying macromolecular structure in crystal. Some atoms in the structure will have larger B values than the mean, and other will have smaller.
Fourier transformation used in model refinement and map calculation is often carried out at one-third of the lattice spacing, instead of the minimal Nyquist frequency of one half. Although how this rule-of-thumb principle in Fourier transformation affects the B-factor distribution of atoms in models being refined remains unknown, it can partly minimize computational errors for atoms with very small B-factors. The term atomic resolution is traditionally defined in X-ray crystallography, typically at sub-Å lattice spacing, such that the chemical identity of an atom in question can be established unambiguously from the ED peak maximum, q(0), and the shape function, q(r), at any non-zero r value relative to its nucleus. 1 The effect of possible resolution underestimation in protein crystallography 39 on the ED peak maximum for an atom of given B-factor can be numerically estimated using error-free simulation (see Methods) , that is the percentage contribution of the Fourier terms to the peak maximum beyond the maximal resolution S max that are omitted in calculation. (Fig. 6 ). According to this simulation, on average, peak maxima obtained in macromolecular crystallography only represent 80% of their theoretical values. The effect of resolution underestimation on atoms with small atomic B factors is much higher than those with large B factors.
The results obtained in this study should not be affected by possible errors in numerically fitted Eqs. 1 and 4. These equations are broken down when sinh/k > 2.0, and alternative formulations have been proposed. 5 However, very high-scattering angle data are not practically relevant when they are not experimentally measurable because of Debye-Waller factors. 40 The resolution of cryo-EM maps being reported differs somewhat from one used in crystallography. It tends to be claimed higher than in crystallography so that no information will not be lost when the minimal Nyquist frequency of 1 =2 is used for Fourier sampling. It should be a concern when the molecular functions of the same atomic model with the same mean B-factor are claimed to have very different resolutions. In fact, the term resolution has been abused commonly in structural biology, 41, 42 where terms like super-resolution, atomic resolution, or near-atomic resolution often have nothing to do with reality. Atomic-resolution electron microscopy does exist and emerges in material sciences, that is atomic ESP shape function can indeed be experimentally visualized; 43 and that physically differs from what is being currently claimed in the cryo-EM community for macromolecules.
Methods
Experimental CD maps were calculated from ESP maps as described previously. 3 Structure factors for corresponding Fourier transforms were obtained using the programs CCP4 and Phenix, 44, 45 which were used for recalculation of maps in any non-grid point through direct Fourier summation. 1D plots along Ca-Ca line and N-Ca, Ca-C, and C-O bonds are calculated using 10 evenly divided points between start and end points. The experimental map reported for EMD-4116 was aligned onto EMD-2984 using Chimera so that the model 5A1A derived from EMD-2984 could be used to analyze the CD features derived from the realigned EMD-4166 ESP maps. 20, 46, 47 A stationary phenylalanine amino acid is placed in P1 unit cell with a 5 b5c 5 20 Å and a 5 b 5 c 5 908, and its error-free X-ray structure factors are calculated to a resolution of 0.2 Å and sorted in the descending order of reciprocal resolution, S 5 1/ d. The magnitude of the Fourier transform at its Cb atom position is calculated using terms with the descending order of reciprocal resolution and is compared with the total Fourier transform of the crystal at this position as a function of atomic B-factor. This calculation can be represented in formulation as follows. 
In the above two equations, q(0) represents the peak value of the total Fourier transform at the Cb coordinate, q Smax (0,B) is the peak value using the terms within the resolution limit S max 5 1/d max , O(B,S max ) is the Fourier transform of the omitted highresolution terms beyond the resolution limit, d(B,S max ) represents the percentage contribution of the omitted terms, and f(S) is the X-ray structure factors (or X-ray scattering factor). When the percentage of the omitted Fourier transform d(B,S max ) reaches 1%, 3%, 5%, 10%, 15%, and 20% of the total Fourier transform, the reciprocal resolution cut-off S max is obtained for a given B value. The results are then plotted in the form of S max versus B and in the natural logarithm form of ln[S max ] versus ln [B] , and are compared with the experimental data adopted from recent studies (Fig. 6) . 3, 39 The results obtained here are independent of specific molecule used in this study, or specific atomic coordinates, or the upper limit of 0.2-Å resolution used in the study. All of them only affect the accuracy of the plots in a small region of very small B-factor with B < 2.5 Å 2 .
